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ABSTRACT 

The s t a tus  and summary of recent r e s u l t s  obtained i n  various 

s tudies  aimed a t  developing means for a p r i o r i  predict ing t h e  nonlinear 

behavior of unstable l iquid-propellant rocket motors are described. The 

s tudies  under consideration include: (I) Determination of t he  nonlinear 

behavior- of unstable rockets with t h e  a id  of a second order theory; ( 2 )  

The development of  a th i rd  order theory; (3 )  Invest igat ion of nonlinear 

a x i a l  i n s t a b i l i t y  i n  l i qu id  rockets;  and (4)  Invest igat ion of t he  behavior 

of the unsteady combustion response function. 
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SUMMARY 

Brief descriptions of combustion i n s t a b i l i t y  s tudies  performed 

at Georgia I n s t i t u t e  of Technology during t h e  second year of f i nanc ia l  

support under NASA grant NGB 11-002-083 are provided. 

This pro jec t  i s  concerned with the  appl icat ion of t h e  Galerkin 

method i n  t h e  predict ion of t h e  nonlinear behavior of unstable l iqu id-  

propellant rocket motors. 

numerical r e su l t s  predict ing s t ab le  l i m i t  cycles, t r igger ing  l i m i t s ,  

and nonlinear pressure waveforms were obtained. The dependence of t he  

engine's nonlinear s t a b i l i t y  charac te r i s t ics  upon various engine para- 

meters was a lso  studied. The importance of various types of nonline- 

a r i t i e s  present i n  the  conservation equations was a l so  investigated.  

I n  a study of transverse i n s t a b i l i t i e s ,  

During t h i s  same period invest igat ion of the nonlinear a x i a l  

mode i n s t a b i l i t y  problem was continued. Three approximate methods of 

solut ion have been devised, and computer programs based on these methods 

a re  present ly  being developed. 

A study of t he  behavior of t he  unsteady combustion response func- 

t i o n  was a l s o  i n i t i a t e d  during t h i s  period. 



4 

INTRODUCTION 

During the  f i r s t  year of NASA support f o r  t h i s  pro jec t  an appraxi- 

mate mathematical technique was successfully applied i n  t h e  so lu t ion  of 

a number of combustion i n s t a b i l i t y  problems a Special  a t t en t ion  was 

given t o  the  study of nonlinear e f f ec t s .  As par t  of t h i s  e f f o r t  a non- 

l i n e a r  second-order theory, which formed t h e  basis f o r  a computer pro- 

gram designed t o  predict  t he  nonlinear behavior of unstable l i qu id  pro- 

pe l lan t  rocket motors, was developed. 

1 

The work performed during the  second year of t h i s  pro jec t  repre- 

sents  an extension and d ivers i f ica t ion  of t h e  research performed during 

t h e  f i r s t  year. Several d i f f e ren t  aspects of nonlinear combustion in-  

s t a b i l i t y  were considered and the  following investigations were conducted: 

(1) t h e  study of moderate amplitude transverse i n s t a b i l i t y  based on t h e  

second order theory developed during t h e  f i r s t  year, ( 2 )  the  development 

and appl icat ion of a t h i r d  order theory t o  study la rge  amplitude t rans-  

verse i n s t a b i l i t i e s ,  (3) the  study of nonlinear ax ia l  mode i n s t a b i l i t y ,  

and (4)  t he  study of the  behavior of unsteady combustion response func- 

t ions .  

Some of the  r e su l t s  obtained with the  aid of the second order 

theory were presented at the  6 th  ICRPG Combustion Conference held i n  
Chicago during September 9-11, 1969. Additional r e su l t s  appear i n  t h e  

following publications : 

(1) Powell, E. A . ,  and Zinn, B. T. ,  "Nonlinear Combustion In- 

s t a b i l i t y  i n  Liquid-Propellant Rocket Engines, '' published 

i n  the  Proceedings of t he  6 th  ICRPG Combustion Conference, 

December 1969, pp. 199-208. 

(2 )  Powell, E. A.  , "Nonlinear Combustion I n s t a b i l i t y  i n  Liquid 

Propellant Rocket Engines," Georgia I n s t i t u t e  of Technology, 
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Department of Aerospace Engineering, (Ph.D. Thesis), 1970. 

(3) S t rah le ,  W. C . ,  "A Note on the  Forgotten Velocity Effect 

i n  Combustion I n s t a b i l i t y  of Liquid Rockets , 
publicat ion i n  Combustion Science and Technology. 

accepted f o r  

(4 )  S t rah le ,  W. C., "New Considerations on Causes f o r  Combus- 

t i o n  I n s t a b i l i t y  i n  Liquid Propellant Rockets, " accepted 

f o r  publication i n  Combustion Science and Technology. 

The following paper has been accepted f o r  presentat ion (and f o r  publi-  

cat ion i n  t h e  proceedings of t he  conference) at the  Thirteenth In te r -  
nat ional  Symposium on Combustion, t o  be held at the University of Utah 

during August 23-29, 1970: 

Zinn, B. T . ,  and Powell, E. A . ,  "Nonlinear Combustion 

I n s t a b i l i t y  i n  Liquid Propellant Rocket Engines." 

Brief descr ipt ion of the  r e s u l t s  obtained i n  t h e  above-mentioned 

invest igat ions a r e  provided i n  t h e  following sections.  These sections 

are followed by a br ie f  descr ipt ion of proposed fu ture  research. 

Results o f t h e  Second Order Transverse I n s t a b i l i t y  Studies 

6 During the  f i rs t  year of t h i s  pro jec t  it was shown t h a t  when 

the  mean flow Mach number i s  small the  wave motion inside t h e  combustor 

of a l iquid-propellant rocket engine can be described, t o  second order, 

by t h e  following nonlinear p a r t i a l  d i f f e r e n t i a l  equation: 

2 v G - Itt = 25.vmt + y(VG)mt 
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I n  the  above equation, @ i s  the  ve loc i ty  po ten t i a l  defined by 1' = V @ ,  

ti i s  the  steady s t a t e  veloci ty ,  and W' i s  t h e  mass source per turbat ion 
--.) m 
tha t  r e su l t s  from the  unsteady response of t h e  burning process t o  the  

pressure osc i l la t ions .  This sec t ion  presents a summary of t he  r e s u l t s  

obtained when Eq. (1) wits used t o  study the  nonlinear s t a b i l i t y  charac- 

t e r i s t i c s  of cy l indr ica l  combustion chambers i n  which the  l i qu id  pro- 

pe l l an t s  a r e  injected uniformly across the  in j ec to r  face and the  combus- 

t i o n  process i s  d is t r ibu ted  throughout the  combustion chamber. Crocco's 

time-lag hypothesis was used t o  describe t h e  unsteady combustion process; 

hence the  unsteady mass source i s  given by: 

where n i s  t h e  pressure in te rac t ion  index and ? i s  the  steady s ta te  

value of t h e  time-lag. It w a s  a l s o  assumed t h a t  the hot combustion 

products leave the  combustion chamber through a mult i -or i f ice  quasi- 

steady nozzle. 

I n  order t o  study transverse combustion i n s t a b i l i t y ,  an approxi- 

mate so lu t ion  fo r  t h e  veloci ty  po ten t i a l  was constructed as a se r i e s  

expansion i n  t h e  tangent ia l  acoustic modes, and each of these modes was 

mult ipl ied by an undetermined time-dependent coeff ic ient .  Using t h i s  

series expansion and following the  mathematical procedure outlined i n  
R e f .  2 the  so lu t ion  of t h e  o r ig ina l  p a r t i a l  d i f f e r e n t i a l  equation w a s  

reduced t o  t h e  so lu t ion  of a system of coupled nonlinear ordinary d i f -  

f e r e n t i a l  equations t h a t  control  t he  behavior of t he  unknown t i m e -  

dependent amplitudes. These equations form t h e  basis  of a computer 

program f o r  calculat ing the  nonlinear transverse s t a b i l i t y  character- 

i s t i c s  of l i qu id  propellant rocket engines. 

Extensive numerical computations using se r i e s  solut ions containing 

various combinations of t he  chamber's na tura l  modes were performed. The 

calculated r e s u l t s  indicated t h a t  a se r i e s  expansion consisting of t h e  

f i r s t  tangent ia l  (lT), second tangent ia l  (2T), and f i r s t  radial (IR) 
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modes provides a good descr ipt ion of the engine s t a b i l i t y  charac te r i s t ics .  

Thus the  veloci ty  po ten t i a l  was approximated by the  following se r i e s  ex- 

pans ion : 

+ [All(t)sin8 + Bll(t)cos8]J1(Sllr) 

+ [ A21 ( t )sin28 + B21 ( t ) cos28] J2 ( S21r ) ( 3 )  

W e r i c a l  calculations obtained using the  above three-mode se r i e s  a r e  

presented with the  following objectives i n  mind: (1) the  predict ion of 

the  f i n a l  amplitude f o r  t ransverse mode i n s t a b i l i t y ;  (2 )  t h e  determina- 

t i o n  of t he  waveform and frequency of t he  nonlinear o sc i l l a t ions ;  and 

(3) t h e  determination of t h e  dependence of t he  resu l t ing  o s c i l l a t i o n  

upon (a) the  i n i t i a l  disturbance, ( b )  t h e  combustion parameters n and 

T ,  ( e )  the  magnitude of t he  steady s t a t e  Mach number a t  the  nozzle 
entrance, and (d)  the  combustor ' s length-to-diameter r a t i o .  

For a given i n i t i a l  disturbance it was possible t o  fo l low the  

time evolution of t he  three  modes included i n  the  se r i e s  expansion. 

The computations showed t h a t  i n  the region of t he  (n, 5 )  plane where 

the 1 T  mode i s  t h e  only l i n e a r l y  unstable mode i n  t h e  se r i e s  ( i . e .  , 
Region I of Fig.  1) an i n i t i a l  disturbance develops in to  a f i n i t e -  

amplitude osc i l l a t ion .  The magnitude of t he  f i n a l  amplitude depends 

on the  nature of t h e  i n i t i a l  disturbance ( i . e . ,  spinning o r  standing) 

but not on the magnitude of t he  i n i t i a l  disturbance. 

showed t h a t  i n  t h i s  region of the  (n, 7 )  plane, the  magnitude of the  

f i n a l  amplitude i s  l imited by nonlinear coupling between modes, whereby 

energy i s  t ransfer red  from the  l i n e a r l y  unstable l T  mode t o  the  l i n e a r l y  

s t ab le  modes (2T and a). More complex behavior was observed i n  regions 

of the  (n, 7 )  plane where t h e  lR mode i s  unstable and the  l T  mode i s  

e i the r  s t ab le  o r  unstable. I n  such regions ( i . e .  , Region I11 of Fig. 1) 

"back-and-forth" energy t ransfer  between the  modes produces a f i n i t e -  

amplitude, highly-modulated o s c i l l a t i o n  which exhibi ts  some character- 

These s tudies  
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i s t i c s  of both modes. 

As  seen i n  Fig. 2, once a s t ab le  l i m i t  cycle i s  reached the  

t i m e  dependent coeff ic ients  ( i .e . ,  mode-amplitudes) appearing i n  Eq. 

(3)  are nearly s inusoidal  functions of time. I n  most of t h e  cases 

computed the  1x and 2T modes had a much smaller amplitude than the 

1 T  mode and were osc i l l a t ing  at twice t h e  .frequency of t he  l T  mode. 

Using t h e  mode-amplitudes the  nonlinear pressure waveforms a t  agy 

locat ion i n  t h e  chamber were eas i ly  computed. TJrpical w a l l  pressure 

waveforms f o r  standing l T  o sc i l l a t ions  a re  shown i n  Figs.  (3) and (4)  e 

These waveforms exhibi t  a pronounced second harmonic d is tor t ion ,  re-  

su l t i ng  i n  sharp peaks and shallow minima. Also predicted i s  a small- 

amplitude, double-frequency osc i l l a t ion  at t h e  locations f o r  t he  ( l T )  

pressure nodes ( i . e . ,  8 = 0 and 8 = n). 

The predicted dependence of t h e  f i n a l  amplitude upon the  com- 

bustion parameters n and 5 i s  shown i n  Fig. (5 )  fo r  a standing ty-pe 

i n s t a b i l i t y .  I n  t h i s  p l o t  6 i s  the  displacement of the  operating 

point (n,  T )  from the  neut ra l  s t a b i l i t y  l i m i t  measured along a l i n e  

of constant 5. Posi t ive values of 6 indicate  displacements i n t o  the  

l i nea r ly  unstable region. From t h i s  f igure  it is  seen t h a t  t he  l imi t ing  

amplitude increases with both increasing v e r t i c a l  displacement (5. e. 

increasing the  value of n)  and with increasing time-lag. For the  1 T  

spinning i n s t a b i l i t y  similar p l o t s  were obtained, and they are  compared 

with those f o r  standing osc i l l a t ions  i n  Fig. (6) .  I n  most of the cases 

considered an i n i t i a l l y  spinning wave disturbance resul ted i n  insta-  

b i l i t i e s  with l a rge r  f i n a l  amplitude osc i l l a t ions ,  The frequency of 

o s c i l l a t i o n  w a s  also found t o  depend on n and 7 .  A s  seen from Fig. 

(7) the  frequency decreases with increasing amplitude (i . e., increasing 

n) and with increasing T .  

nonlinear (n, 7 )  s t a b i l i t y  maps (see Fig. (8 ) )  showing the  dependence 

of t h e  f i n a l  amplitude upon the  values of n and T .  

- 

The above r e s u l t s  were used t o  construct 

The second order theory w a s  a l so  used t o  determine the  dependence 

of t he  f i n a l  amplitude upon the  engine's mean flow as well as the  engine's  
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length.  

unstable behavior for  various values of E 
nozzle entrance) and z (i .e. , dimensionless length) was invest igated.  

The r e s u l t s  of t h i s  study are  shown i n  Figs.  (9) and (10). It i s  seen 

from Fig.  (9) t h a t  an increase i n  E usual ly  resu l ted  i n  an increase i n  e 
the l imi t ing  pressure amplitude; the exception occurring a t  smaller 

e values of 7. Figure (10) shows t h a t  f o r  f ixed values of n ,  7 ,  and E 
increasing the length ze resu l ted  i n  a decrease i n  the l imi t ing  value 

of the pressure amplitude. 

I n  these s tudies  the values of n and T were held f ixed and the  

(i .e . ,  Mach number a t  the e 

e 

- 

Third Order Transverse Invest igat ions 

During the second year of t h i s  pro jec t  a t h i r d  order theory was 

developed. This theory represents an attempt t o  re lax  some o f  the 

r e s t r i c t i o n s  imposed on the second order theory. The l a t t e r  included 

such r e s t r i c t i o n s  as small Mach number mean f.low, i r r o t a t i o n a l i t y  of 

the f.low, and the presence of moderate amplitude waves. I n  the t h i r d  

order analysis no terms were neglected i n  the conservation equations; 

the only approximations used being those r e l a t ed  to  the absence of 

droplet  drag and constancy of droplet  stagnation enthalpy, both o f  

which were used i n  the second order theory. 

Under the above assumptions the conservation equations ci~n no 

longer be combined to  obtain a s ing le  equation governing the behavior 

of the veloci ty  poten t ia l .  

equations must be solved. 

be b r i e f l y  described. Considering only transverse osc i l l a t ions  the 

ve loc i ty  components can be defined as follows: 

Instead a system of  p a r t i a l  d i f f e r e n t i a l  

The development of  these equations will now 

where v '  and w'  respect ively represent the r a d i a l  and tangent ia l  

veloci ty  components and 'Q and 5 are  quasi-potent ia ls .  

the  appropria.te system of conservation equations becqmes : 

Using Eqs. (4) 
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Continuity: 

Radial momentum: 

Tangential momentum: 

Energy: 

ah' 
S ( B  + P')[ at + Tr 

Equation of State: 

p1 = pi; + p'hs + 

In the above equations 
the stagnation enthalpy. 

p is the density, p is the pressure, and hs is 

To complete the theory higher order expressions f o r  the burning 
rate term and nozzle admittance relation are needed. Unlike the 
expressions describing the gas dynamics of the problem these expressions 
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contain terms of a l l  orders and they need t o  be truncated t o  include 

terms up t o  t h i r d  order only. I n  deriving these expressions it was 

assumed tha t  the  combustor's mean flow Mach number was s m a l l .  Using 
Crocco's time-lag hypothesis t he  t h i r d  order burning r a t e  expression 

i s  given by the  following expression: 

where p' = p / ( r 7 8 , t - T ) .  
7 

Due t o  the  complexity of Eqs .  (5) through (9), t h e  nonlinear 

behavior of a s ingle  transverse mode w a s  invest igated by approximating 

each dependent var iable  as the  product of an amplitude function and the  

s p a t i a l  dependence of t h a t  mode. The approximate solutions a re  ex- 

pressed i n  the  following form: 
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where Y (.,€I) = cosm0J (S r ) .  Introducing t h e  approximate solut ions 

in to  Eqs . (5 )  through (9) and applying the  mathematical technique 

described i n  Ref. 2 yields  a system of nonlinear ordinary d i f f e r e n t i a l  

equations t o  be solved f o r  t he  unknown A ' s .  A computer program was 
developed t o  determine these amplitude functions numerically. 

mn m mn 

A s  a check on the analysis ,  l i nea r  s t a b i l i t y  limits were computed 

using the  l inear ized  version of t he  system of equations derived f o r  the 

t h i r d  order theory. 

these l imi t s  agreed with those computed from t h e  l inear ized  version of 

the second order theory. 

Except for  s m a l l  corrections of t he  order of G2 e 

Using the  t h i r d  order theory numerical solutions were obtained 

(1) the approximate solutions consisted for the  following two cases: 

of t he  f i r s t  t angent ia l  mode only, and ( 2 )  t he  appoximate solut ions 

consisted of t he  f i r s t  radial mode only. The systems of d i f f e r e n t i a l  

equations governing these two cases d i f fe red  i n  several  respects .  The 

equations governing the  behavior of the  lR mode contained both quadratic 

and cubic nonl inear i t ies  while those describing the  behavior of the  1 T  

mode contained only cubically nonlinear terms. The radial mode equa- 

t i ons  a l so  contained nonl inear i t ies  i n  the  combustion mass source terms 

whereas a nonlinear driving term d id  not appear i n  t h e  equations f o r  

t h e  lT mode. 

The numerical r e su l t s  show tha t  the above-mentioned differences 

are important. The important charac te r i s t ics  of t he  1T mode solut ions 

w i l l  n3w be summarized. As seen from Fig. (11) the  pressure and velo- 

c i t y  waveforms are nearly s inusoidal  i n  shape, a r e s u l t  i n  contrast  t o  

the  r e su l t s  of t he  second order theory. The e f f ec t  OS t he  combustion 

parameters n and upon t h e  f i n a l  amplitude of the  pressure osc i l l a t ion  

i s  shown i n  Figs. (12) and (13). For values of 7 2 . 1  i n  the  l i n e a r l y  

unstable region, s tab le  l i m i t  cycles were found as shown i n  Fig. (12). 

I n  each case the  f i n a l  amplitude a t ta ined  f o r  given values of n and T 

was considerably l a rge r  than t h e  amplitude predicted by the  second 

order theory. The p o s s i b i l i t y  of "triggering" combustion osc i l l a t ions  
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was found t o  ex i s t  for 5 > 2.1. 

the t r igger ing  amplitude with n and 5 for standing l T  i n i t i a l  dis turb-  

ances. For given values of n and 5 an i n i t i a l  disturbance with m p l i -  

tude s l i g h t l y  l e s s  than t h e  threshold value, given by the  curve, w i l l  

decay t o  zero amplitude. No s t ab le  l i m i t  cycles could be found i n  t h i s  

region. A disturbance with anplitu.de s l i g h t l y  above the  c r i t i c a l  value 

was found t o  grow without l imi t .  The differences between these t h i r d  

order r e su l t s  and those obtained from the  second order theory a re  

a t t r i bu ted  to t he  lack of coupling between modes which r e s u l t s  from 

using a one-mode expansion. 

Figure (13) shows t h e  dependence of 

The r e s u l t s  obtained using an expansion consisting only of the  

X R  mode w i l l  now be summarized. 

waveforms resemble sinusoids which are sh i f t ed  up (for radial posi t ions 

near t he  axis ,  r = 0) or down (for s t a t ions  near the w a l l ,  r = 1). 

Figure (15) shows t h e  dependence of t he  l i m i t  cycles upon n and 5. 

Unlike the  I T  mode, s t ab le  l i m i t  cycles f o r  3R i n s t a b i l i t y  were found 

i n  t h e  v i c i n i t y  of t he  neutral  s t a b i l i t y  l i m i t  f o r  both l i n e a r l y  s t ab le  

and l i n e a r l y  unstable values of n and T .  For an engine operating i n  

the l i n e a r l y  s t ab le  region an unstable l i m i t  cycle ( i . e .  , t r igger ing  

l i m i t )  was found with an amplitude below t h a t  of t h e  s tab le  l i m i t  cycle. 

Also predicted i s  the  minimum value of n ( for  a given S )  below which it 

i s  impossible t o  t r i gge r  combustion osc i l l a t ions .  The curves shown i n  

Fig.  (15)  show t h a t  as 7 i s  increased, combustion osc i l la t ions  a re  more 

eas i ly  t r iggered and the  amplitude of t h e  resu l t ing  osc i l l a t ions  i s  

higher. It i s  a l so  seen t h a t  the  unstable range i n  n, fo r  which t r i g -  

gering of combustion i n s t a b i l i t y  i s  possible ,  becomes la rger  with in- 
creasing values of the  time-lag. These solut ions are qua l i t a t ive ly  

s imilar  t o  those obtained f o r  the LR mode using the  second order theory 

and a one-mode expansion (see Ref. 1). 

As seen from Fig. (14) the  pressure 

I n  the  study of t h e  lR mode, t he  e f f ec t  of various nonlinear 

terms appearing i n  the  governing equations w a s  evaluated. From t h e  

r e s u l t s  of t h i s  study it was concludedthat t h e  nonl inear i t ies  i n  the  

combustion mass source a re  very important i n  determining the  l imi t ing  
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Figure 12. Third Order Stable L i m i t  Cycles f o r  the 
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Figure 14. Third Order Pressure and Velocity Waveforms f o r  the  
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amplitude of tr iggered IR mode i n s t a b i l i t y .  

cubically nonlinear terms or iginat ing from the  gasdynamics of t he  

problem have only a minor e f f e c t .  

On the  other hand the 

Some of t h e  t h i r d  order solut ions predicted t h e  anomalous r e s u l t  

t h a t  under ce r t a in  conditions t h e  combustor's pressure may become nega- 

t ive .  The occurrence of negative pressures i n  the  approximate solut ions 

i s  a r e s u l t  of the assumed s p a t i a l  dependence of the se r i e s  solutions.  

To overcome t h i s  shortcoming work i s  present ly  i n  progress t o  develop 

a multi-mode t h i r d  order theory. 

Nonlinear Axial Mode I n s t a b i l i t y  

I n  a separate study, t he  case of a x i a l  type i n s t a b i l i t y  i n  a 

combustor with a d is t r ibu ted  combustion process i s  current ly  being 

investigated.  D i f f i cu l t i e s  were encountered i n  the  ear ly  stages of 

the study, but  it now appears t h a t  they have been resolved. The work 
done t o  date w i l l  now be b r i e f l y  summarized. 

The nonlinear p a r t i a l  d i f f e r e n t i a l  equation governing longitudi- 

nal  combustion osc i l l a t ions ,  correct  t o  second order, i s  given by: 

(12) 
di? m - 5 - 2mzmzt - (y-l)rntPzz - 2 S z t  - y m t  - WI m = 0 zz -tt 

I n  Eq. (12) t h e  mass source term i s  again described by Crocco's time- 

l a g  hypothesis t o  give: 

The appropriate boundary conditions a r i s e  from the  presence of a so l id  

w a l l  boundary condition at the  in jec tor  face ( z  = 0)  and a quasi-steady 

nozzle a t  z = 1. The boundary conditions are given by: 



I Z ( O )  = 0 (14) 

I n  order t o  obtain an approximate solut ion of Eq. (12) a s e r i e s  

k=O 
- N  

expansion must be specif ied fo r  @ ( z , t ) ;  t h a t  i s ,  Q = 

The i n i t i a l  phases of t h i s  invest igat ion have been primarily concerned 

with the  proper se lec t ion  of the  approximating functions (p ( z )  . 

C Bk(t)rpk(z). 

k 

If t h e  t r i a l  functions cpk do not s a t i s f y  the  boundary conditions, 

then the  resu l t ing  e r ror  at the  boundary condition must be minimized, 

i n  some sense, i n  combination with the  e r ror  a r i s ing  from t h e  f a c t  t h a t  

the trial function does not, i n  general, s a t i s f y  the  d i f f e r e n t i a l  equa- 

t i on .  

Ref. 2 ) :  

This i s  accomplished by imposing the  following r e s t r i c t i o n  (see 

where the residuals RE and €$ are  the  errors incurred by subs t i tu t ing  

the  approximate solutions in to  t h e  d i f f e r e n t i a l  equations and boundary 

conditions respectively.  If the  t r i a l  functions s a t i s f y  t h e  boundary 

conditions then t h e  residual  % vanishes. 

under study, although most of t he  work done t o  date has been with t r i a l  

solutions t h a t  do not s a t i s f y  the  boundary conditions. 

Both approaches are current ly  

Obviously, a proper choice of t h e  t r ia l  functions i s  a pre- 

r equ i s i t e  f o r  obtaining va l id  r e su l t s .  The f i r s t  trial se r i e s  fo r  

cP(z,t) w a s  taken t o  be composed of the  following acoustic modes: 

N 
k=O 

m(z,t) = c [ \ ( t s i n (  h z  + B~ ( t cos ( b z  I] 



This expansion does not s a t i s f y  e i the r  the in jec tor  o r  t he  nozzle 

boundary conditions. 

ordinary d i f f e r e n t i a l  equations t o  be solved f o r  the % ' s  and B k ' s .  

Numerical calculations proved t h i s  t r i a l  se r i e s  t o  be divergent f o r  

a l l  t he  investigated cases ( i . e . ,  a l l  investigated values of n, 5 ) .  

Using Eq. (16) yields  a s e t  of coupled nonlinear 

Considerations of t he  expected physical  behavior of t h e  resu l t ing  

pressure osc i l la t ions  suggested the  omission of the  s ine terms from the  

expansion given by Eq. ( l 7 ) ,  hence: 

N 
k=O 

@ ( z , t )  = C Bk(t)cos(krrz) 

Preliminary r e su l t s  using t h i s  cosine se r i e s  a re  favorable. The time 

dependent coeff ic ient  , Bo (t  ) corresponding t o  t h e  s p a t i a l l y  uniform 

term i n  the  se r i e s  ( i . e .  , cpo = 1) was found t o  o s c i l l a t e  with a lower 

frequency than the  remaining terms, b u t  with a la rger  amplitude. 

term corresponds t o  chugging-type i n s t a b i l i t y .  Results with and without 

t h i s  term present i n  t he  se r i e s  expansion w i l l  be obtained; a comparison 

of these r e su l t s  with avai lable  experimental data w i l l  determine whether 

B o ( t )  should be included i n  t h e  approximate se r i e s  solut ion.  

This 

The second approach taken i n  se lec t ing  an approximate so lu t ion  

was t o  construct expressions t h a t  s a t i s f y  both the  boundary condition 

a t  the  in jec tor  face ( i . e .  , z = 0) and t h a t  at the  nozzle entrance 

( i . e . ,  z = 1). Two methods are present ly  under consideration. One 

such method i s  t o  se l ec t  an approximate so lu t ion  of t he  form: 

N 

k=O 
@ ( z , t )  = A(t)F(z)  f G ( z )  C Bk(t)cos(lmz) 

where the  summation term satisfies homogeneous boundary conditions and 

the  remaining term A(t)F( z) satisfies both boundary conditions. 

example, one such solut ion was found t o  be: 

For 
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N 
k=O 

(20) 
2 

G(z, t )  = z 2 e 4 -  2 t / ~ ]  f z ( z  - 1) C Bk(t)cos(lmz) 

y - l  - where p = - u . 
t o  s a t i s f y  t h e  nozzle admittance condition, but i t s  e f f ec t  on @ ( z , t )  

decreases with time. 

It should be noted t h a t  t he  f i rs t  term i s  necessary 2 e  

The second method of sa t i s fy ing  the  boundary conditions is  t o  

use a cosine se r i e s  with time dependent "eigenvalues" as follows: 

N 
@ ( z , t )  = k=O C B k ( t )  cos{[?m + ck(t)]z} 

The above expression s a t i s f i e s  t h e  boundary condition a t  z = 0. Apply- 

ing the  boundary condition a t  z = I ( i . e . ,  Eq. (15)) yields  the  follow- 

ing r e l a t i o n  between B ( t )  and ck( t )  : k 

Combining Eqs.  (22) with t h e  equations resu l t ing  f$om applying Eq. (16) 
r e su l t s  i n  a system of 2(N+l) nonlinear ordinary d i f f e r e n t i a l  equations 

f o r  t h e  2(N+1) unknowns, e , ( t )  and B k ( t ) .  

A t  present t h i s  invest igat ion i s  a t  a preliminary stage, hence 

no numerical r e s u l t s  a re  avai lable .  Computer programs a r e  being devel- 

oped based upon t h e  three approaches discussed above. These w i l l  be 

used t o  determine both the  l i n e a r  and nonlinear s t a b i l i t y  l i m i t s  i n  the  

(n, 7 )  plane and t o  study the p o s s i b i l i t y  of t r igger ing  axial combustion 

osc i l l a t ions .  

Combustion Response Studies 

With a view i n  mind t o  determine a more r e a l i s t i c  combustion 
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response function for  incorporation in to  the  Galerkin method two 

de ta i led  s tudies  were carr ied out concerning combustion processes. 

The f i r s t  study concerned the  l i n e a r  acoust ic  response of the  vapori- 

zat ion process i n  the  v i c i n i t y  of the  s tagnat ion point3; t he  major 

difference from previous treatments was the  assumption of no i n t e r n a l  

l i q u i d  c i r cu la t ion  and the consequent existence of a thermal wave i n  

the l i qu id  i n  t h e  steady s t a t e .  The reasons for doing t h i s  study were 

t h a t  the  thermal wave assumption had never been used before and it  i s  

prec ise ly  the  thermal wave which i s  responsible f o r  combustion response 

peaks i n  the  appropriate frequency range i n  s o l i d  propel lant  response 

theory. A sample frequency response p l o t  f o r  two fue l s  i s  shown i n  

Fig. (16). 
be speci€ied - t he  mode type,  t he  pos i t ion  of the  droplet  i n  t he  chamber 

and the  r e l a t i v e  ve loc i ty  d i rec t ion  between t h e  chamber gases and the  

droplet .  

mode, s ign i f i can t  differences can appear f o r  t ransverse modes. The 

major item, however, i s  t h a t  the frequency response i s  f a i r l y  f l a t  even 

though there  i s  m i l d  var ia t ion  i n  t he  frequency range of i n t e r e s t  t o  

To draw t h i s  p l o t  th ree  items concerning the  acoustics must 

Wnile Fig.  (16) i s  a representat ive average f o r  a longi tudinal  

i n s t a b i l i t y .  This r e l a t i v e l y  f l a t  behavior i s  i n  accord with treatments 

of the  v a p z i z a t i o n  process using assumptions d i f f e ren t  than those used 

i n  the  present study. 

A second study concerned the  e f f ec t s  of combustion process 
4 veloc i ty  s e n s i t i v i t y  on s t a b i l i t y  . There has been a general  lack of 

recognition of the veloci ty  e f f e c t ' s  importance and it i s  believed 

tha t  a reconci l ia t ion  between two present ly  accepted but d i f f e ren t  

i n s t a b i l i t y  theories  can be affected by more detailed understanding of 

the veloci ty  e f f e c t .  Figure (17) demonstrates t ha t  a combustion r a t e  

instantaneously proportional t o  ve loc i ty  ra i sed  t o  some power n can 

cause longi tudinal  i n s t a b i l i t y ;  Y i s  t h e  locat ion of a concentrated 

combustion f ron t  expressed as a f r a c t i o n  of t he  chamber length.  While 

the  required n value i s  high (> 1) the  demonstration i s  t h a t  ve loc i ty  

s e n s i t i v i t y  i s  a t  l e a s t  an important contribution t o  s t a b i l i t y  c r i t e r i a .  

The outcome of t he  above s tudies  has been the  rec-mmendation of 
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for Velocity Effect Instability. 



3 a new response function f o r  incorporation in to  the  Galerkin method e 

This function consis ts  of the sum of two terms - one describing t h e  

var iable  vaporization r a t e ,  which can include veloci ty  e f f ec t s ,  and 

one involving the  var iable  combustion rate. 

t h a t  t h i s  formulation removes a ra ther  c r i t i c a l  assumption i n  the  

Crocco time l a g  theory. 

It i s  shown i n  Ref. 3 

Future Investigations 

Future research e f f o r t s  w i l l  be devoted t o  the  following inves t i -  

gations : 

second order theory, (2 )  determination of t he  charac te r i s t ics  of l a rge  

amplitude transverse wave i n s t a b i l i t y ,  (3) determination of t h e  charac- 

t e r i s t i c s  of nonlinear axial i n s t a b i l i t y ,  and (4) invest igat ion of the  

unsteady combustion response functions. 

(1) determination of nonlinear s t a b i l i t y  limits using t h e  

The second order computer programs t h a t  were developed t o  date 

a re  now being used t o  determine s t a b i l i t y  maps (similar t o  t h e  one 

presented i n  Fig. 8 )  fo r  rocket combustors characterized by various 

values of the Mach number and d i f f e ren t  length-to-diameter r a t i o s .  

The p o s s i b i l i t y  of using such maps together with experimental data, 

t o  determine t h e  operating point ( i . e . ,  values of n and 7 )  of ac tua l  

rocket motors w i l l  be explored. Additional invest igat ions concerning 

the e f f ec t  of i n i t i a l  conditions and the  convergence of the assumed 

se r i e s  expansions w i l l  be conducted. A report  of t h e  second order 

r e su l t s ,  which includes a f u l l y  documented computer program, w i l l  be 

prepared i n  the  near future .  

The behavior of la rge  amplitude transverse i n s t a b i l i t y  w i l l  be 

studied using a t h i r d  order multi-mode theory which i s  current ly  under 

development. Results similar t o  those obtained with the  a id  of the  

second order theory w i l l  be obtained, and a comparison w i l l  be made 

with the  second order r e su l t s  t o  determine t h e  range of app l i cab i l i t y  

of the  second order theory. 
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Present e f fo r t s  t o  determine the  best  ana ly t ica l  approach for 
t he  so lu t ion  of t h e  ax ia l  i n s t a b i l i t y  problem are  expected t o  be com- 

pleted short ly .  Upon completion of t h i s  invest igat ion t h e  chosen 

method w i l l  be used t o  determine the  nonlinear s t a b i l i t y  charac te r i s t ics  

of various rocket combustors. 

A nonlinear response flmction based on instantaneous high Rey- 

nolds number vaporization response w i l l  be incorporated i n t o  the  second 

Drder theory. One of the  objectives of t h i s  study i s  t o  compare t r i g -  

gering limits obtained by using the  Galerkin method with the  r e su l t s  

obtained i n  Ref. (5 ) .  
previous second order r e su l t s  i n  order t o  determine differences i n  

mode-excitation, magnitude of t r iggering amplitude, and l i m i t  cycle 

amplitude. 

These r e s u l t s  w i l l  a l so  be compared with the  
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